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Among single-field scalar-tensor theories, there is a special class called “cuscuton,” which is repre-
sented as some limiting case of k-essence in general relativity. This theory has a remarkable feature
that the number of propagating degrees of freedom is only two in the unitary gauge in contrast to
ordinary scalar-tensor theories with three degrees of freedom. We specify a general class of theories
with the same property as the cuscuton in the context of the beyond Horndeski theory, which we
dub as the extended cuscuton. We also study cosmological perturbations in the presence of matter
in these extended cuscuton theories.
I. INTRODUCTION
The framework of scalar-tensor theories has been extensively studied as a simple and interesting extension of general
relativity (GR) and innumerably many models have been proposed. These theories have been employed as a powerful
tool to study the late-time cosmic acceleration and/or inflation in the early universe. To handle such diverse models
efficiently, some unifying descriptions of scalar-tensor theories have been developed so far. The well-known example is
the Horndeski theory [1–3], which is the most general single-field scalar-tensor theory in four dimensions whose Euler-
Lagrange equations are at most of second order. This nature is desirable as it offers a unique class of scalar-tensor
theories that can trivially avoid unstable extra degrees of freedom (DOFs) associated with higher-order equations
of motion (EOMs), namely Ostrogradsky ghosts [4]. One should note that the Horndeski theory is not the most
general class that is free of Ostrogradsky ghosts: In the Lagrangian formalism, the Ostrogradsky instability can be
circumvented if the system of Euler-Lagrange equations is degenerate and hence the higher derivative terms can be
eliminated by taking linear combinations of the EOMs. Equivalently, in the Hamiltonian language, an additional
primary constraint arises due to the degeneracy, which eliminates the problematic Ostrogradsky ghost. There have
been some attempts to construct scalar-tensor theories that surpass the Horndeski class [5, 6], and some broader
classes without Ostrogradsky ghosts have been discovered, including the Gleyzes-Langlois-Piazza-Vernizzi (GLPV, also
known as beyond Horndeski) theory [7] and degenerate higher-order scalar-tensor (DHOST, also known as extended
scalar-tensor) theories [8–10].
Generically, the above scalar-tensor theories without Ostrogradsky ghost have three DOFs, which consist of two
tensor modes and one scalar mode. However, there is a special class called “cuscuton” [11], in which only two DOFs
propagate and the scalar mode is nondynamical in the unitary gauge, φ = φ(t) [12]. The action of the cuscuton theory
is written as
S =
∫
d4x
√−g
[ R
2κ2
+ µ2
√
2|X | − V (φ)
]
, (1)
where R is the four-dimensional Ricci scalar, X ≡ −gµν∂µφ∂νφ/2, and κ and µ are nonvanishing constants. It should
be noted that the cuscuton is the unique*1 subclass of the k-essence theory (i.e., GR plus “P (φ,X)” [13]) respecting
the two-DOF nature. This in particular implies the following properties:
[A] The field equation of the scalar field is at most of first order in the case of homogeneous and isotropic cosmology.
In this cosmological setup, one may safely choose the unitary gauge φ = φ(t). Then, the second term in Eq. (1)
takes the form µ2|φ˙| with a dot denoting ∂/∂t, so the Euler-Lagrange equation for φ does not contain second
or higher derivatives of φ. Thus, the scalar field becomes nondynamical and its evolution is determined by the
dynamics of the metric through the constraint equation.
[B] The kinetic term of scalar cosmological perturbations vanishes. If the action (1) is expanded to second order
in scalar perturbations around a cosmological background, one ends up with the quadratic action for a single
variable ζ (the curvature perturbation), where it turns out that the coefficient of the kinetic term ζ˙2 vanishes.
This is due to the nondynamical nature of φ in the cuscuton theory.
As is anticipated, the two properties [A] and [B] are closely related to each other (see §II).
*1 In fact, µ may be a function of φ, but one can always make a field redefinition so that µ is just a constant.
2Various aspects of the cuscuton make this model fascinating. Although it has the same number of physical DOFs as
GR, the cuscuton theory exhibits some peculiar features, e.g., in the cosmic microwave background and matter power
spectra, which can be distinguished from GR [14]. The authors of Ref. [15] showed the absence of caustic singularities
in cuscuton-like scalar-field theories. It was also pointed out that the cuscuton theory with a quadratic potential is
considered as a low-energy limit of the (non-projectable) Horˇava-Lifshitz theory [16, 17]. Stable bounce cosmology
based on the cuscuton has been studied in Ref. [18].
Given such advantages, it would be intriguing to find more general theories which share the same nature as the
cuscuton model, i.e., theories with only two physical DOFs in the unitary gauge. (See Refs. [15, 19–21] for related
theories developed with different motivations from ours. We discuss the relation of their models to ours in §III C.) To
this end, we start from some scalar-tensor theory with three DOFs in general, and identify the specific forms of the
free functions in the Lagrangian by requiring that the theory actually has only two DOFs. Specifically, we proceed
step by step in the following way. First, we specify the Lagrangian having the properties [A] and [B]. This step
can be done relatively easily, but the two-DOF nature is ensured only on a cosmological background. In this sense,
the properties [A] and [B] are just necessary conditions for the theory we aim to construct, and hence the resultant
Lagrangian should be considered as a prototype. Next, we identify which of the theory among this “cosmological
cuscuton” class has two DOFs on an arbitrary background in the unitary gauge. If one starts from the k-essence
theory and follows the above steps, one arrives at the original cuscuton theory (1). In this paper, we start from the
GLPV theory and derive what we call the extended cuscuton by this procedure. We believe that the same procedure
can in principle be applied to even broader classes such as DHOST theories as a starting point, which we hope to
discuss in the near future.
The rest of this paper is organized as follows. In §II, we construct a prototype for the extended cuscuton theory as
a subclass of the GLPV theory which has two DOFs at least on a cosmological background. Then, in §III, we perform
a nonlinear Hamiltonian analysis of the prototype models on an arbitrary background and identify the theory with
only two propagating DOFs, which yields our desired extended cuscuton theory. The relation between the original
and the extended cuscuton theories is studied by means of disformal transformation (i.e., a redefinition of the metric
which depends on φ and its first derivative [22]) in §IV. We also analyze cosmological perturbations in this theory in
the presence of a matter field in §V. Finally, we draw our conclusions in §VI.
II. COSMOLOGICAL PROTOTYPE FOR EXTENDED CUSCUTON
The aim of the present paper is to find a general class of scalar-tensor theories with two physical DOFs in the
unitary gauge. As a first step to achieve this, in this section, we specify a subclass of the GLPV theory with the
aforementioned properties [A] and [B] which characterize the cuscuton theory.
Our starting point is the GLPV theory [7], whose action is given by
SGLPV =
∫
d4x
√−g (LH2 + LH3 + LH4 + LH5 + LbH4 + LbH5 ) , (2)
where the first four terms form the Horndeski Lagrangian:
LH2 = G2(φ,X),
LH3 = G3(φ,X)φ,
LH4 = G4(φ,X)R+G4X
[
(φ)
2 − φνµφµν
]
,
LH5 = G5(φ,X)Gµνφµν −
1
6
G5X
[
(φ)3 − 3 (φ)φνµφµν + 2φνµφλνφµλ
]
,
(3)
with Gµν being the Einstein tensor, and the last two are the beyond Horndeski terms:
LbH4 = F4(φ,X)
{
−2X
[
(φ)
2 − φνµφµν
]
− 2φµφµν
(
φνφ− φνλφλ
)}
,
LbH5 = F5(φ,X)
{
−2X
[
(φ)
3 − 3 (φ)φνµφµν + 2φνµφλνφµλ
]
− 3φλφλσφσ
[
(φ)2 − φνµφµν
]
+ 6φµφ
µ
νφ
σ
(
φνσφ− φνλφλσ
)}
.
(4)
Here, G2, G3, G4, G5, F4, and F5 are arbitrary functions of (φ,X), φµ ≡ ∇µφ, and φµν ≡ ∇µ∇νφ.
Now we consider a homogeneous and isotropic universe:
ds2 = −N2(t)dt2 + a2(t)δijdxidxj , φ = φ(t). (5)
3The field equations are obtained by substituting this ansatz into the action (2) and varying it with respect to N ,
a, and φ. Thereafter, we may set N = 1.*2 The structure of the two dynamical equations are as follows (see, e.g.,
Ref. [24]):
Ea = 2GT H˙ − 2Mφ¨+ U = 0, (6)
Eφ = 6MH˙ +Kφ¨+ V = 0, (7)
where H ≡ a˙/a denotes the Hubble parameter and we have defined the following quantities:
GT ≡ 2
(
G4 − 2XG4X +XG5φ −Hφ˙XG5X + 4X2F4 − 12Hφ˙X2F5
)
,
M≡ −XG3X −G4φ − 2XG4φX + 2Hφ˙
(
G4X + 2XG4XX −G5φ −XG5φX − 8XF4 − 4X2F4X
)
+H2X
(
3G5X + 2XG5XX + 60XF5 + 24X
2F5X
)
,
K ≡ G2X + 2XG2XX + 2 (G3φ +XG3φX)− 6Hφ˙ (G3X +XG3XX + 3G4φX + 2XG4φXX)
+ 6H2
(
G4X + 8XG4XX + 4X
2G4XXX −G5φ − 5XG5φX
− 2X2G5φXX − 24XF4 − 36X2F4X − 8X3F4XX
)
+ 2H3φ˙
(
3G5X + 7XG5XX + 2X
2G5XXX + 120XF5 + 132X
2F5X + 24X
3F5XX
)
,
U ≡ G2 + 2XG3φ + 4XG4φφ + 4Hφ˙
(
G4φ − 2XG4φX +XG5φφ + 4X2F4φ
)
+ 2H2
(
3G4 − 6XG4X + 3XG5φ − 2X2G5φX + 12X2F4 − 24X3F5φ
)
− 4H3φ˙ (XG5X + 12X2F5),
V ≡ −G2φ + 2XG2φX + 2XG3φφ + 3Hφ˙ (G2X + 2G3φ − 2XG3φX − 4XG4φφX)
− 6H2 (3XG3X + 2G4φ + 6XG4φX − 4X2G4φXX +XG5φφ − 3H2XG5X − 2H2X2G5XX
+ 2X2G5φφX + 12X
2F4φ + 8X
3F4φX − 60H2X2F5 − 24H2X3F5X
)
+ 2H3φ˙
(
9G4X + 18XG4XX − 9G5φ − 7XG5φX + 2X2G5φXX
− 72XF4 − 36X2F4X + 48X2F5φ + 24X3F5φX
)
.
(8)
These quantities contain at most first derivatives of the scalar field and the metric.
In the case of the k-essence theory, we have G3 = G5 = 0, G4 =const, and hence M = 0. Then, the property [A]
reads
K = G2X + 2XG2XX = 0
⇒ G2 = c1(φ)
√
|X |+ c2(φ). (9)
The original cuscuton theory (1) is thus recovered. However, we have M 6= 0 in general, which signals a kinetic
mixing of gravity and the scalar field. In this case, the statement of [A] is subtle, and instead it is more appropriate
to require the following extended version of [A]:
[A′] The system composed of the two dynamical equations (6) and (7) is degenerate: GTK + 6M2 = 0.
This condition can be rearranged to give
GTK + 6M2 =
4∑
n=0
an(φ, φ˙)H
n = 0, (10)
where an’s are functions of φ and φ˙. The property [A
′] is satisfied if
an = 0 (n = 0, 1, 2, 3, 4), (11)
which may be regarded as a set of differential equations satisfied by G2, G3, · · · of the extended cuscuton.
*2 Alternatively, even if one sets N = 1 at the action level and then varies the action with respect to a and φ, the correct dynamical
equations (6) and (7) are obtained. However, in this case, one cannot reproduce the Euler-Lagrange equation for N from the dynamical
equations [23].
4Now let us move to the property [B]. Following the standard procedure it is straightforward to derive the quadratic
action for the curvature perturbation ζ in the GLPV theory (see, e.g., Ref. [7]). We have
S
(2)
S =
∫
dtd3xNa3
[
GS ζ˙2 − FS
a2
(∂kζ)
2
]
, (12)
where it is found that
GS ∝ GTK + 6M2. (13)
Therefore, the two requirements [A] and [B] are in fact equivalent.
Although Eq. (11) provides some restrictions on the functions in the GLPV action (2) and one can specify the
subclass satisfying this in principle, the actual manipulation is tedious. To bypass this nonessential issue, we move to
the Arnowitt-Deser-Misner (ADM) formalism rather than sticking to the covariant formulation. It turns out that the
ADM formalism greatly simplifies the analysis.
The GLPV action (2) is translated to the ADM language as follows:
SGLPV =
∫
dtd3xN
√
γ
[
A2 + A3K +A4(K
2 −KijKji ) +B4R
+A5(K
3 − 3KKijKji + 2KijKjkKki ) +B5
(
RijKij − R
2
K
)]
, (14)
where we have taken the unitary gauge φ = φ(t). Here, Kij and Rij are the extrinsic and intrinsic curvature tensors
of t =const hypersurfaces, K ≡ Kii , R ≡ Rii, and the coefficients A2, A3, A4, A5, B4, and B5 are functions of (t, N).
Indeed, in the unitary gauge, we have X = φ˙2(t)/(2N2), and hence a function of (φ,X) is mapped to a function
of (t, N). The relation between the two sets of the functions, (Gi, Fj) in Eq. (2) and (Ai, Bj) in Eq. (14), is given
in Ref. [7]. In the case of the Horndeski theory, only four of these six functions are independent, as there exist the
following constraints:
A4 = −B4 −NB4N , A5 = N
6
B5N , (15)
where a subscript N denotes ∂/∂N .
In terms of (Ai, Bj) instead of (Gi, Fj), an can be expressed as
a0 ∝ 3 (A′3)2 − 4 (A′2 +A′′2 )A4, (16)
a1 ∝ (A′3 +A′′3 )A4 − 2A′3A′4 + (A′2 +A′′2 )A5, (17)
a2 ∝ 2 (A′4 +A′′4 )A4 − 4 (A′4)2 + 3 (A′3 +A′′3 )A5 − 3A′3A′5, (18)
a3 ∝ 3 (A′4 +A′′4 )A5 − 6A′4A′5 +A4 (A′5 +A′′5) , (19)
a4 ∝ 3 (A′5)2 − 2 (A′5 +A′′5 )A5, (20)
where ′ ≡ ∂/∂ lnN . In the following, we solve the system of differential equations an = 0 to obtain the prototype of
the extended cuscuton. Since the structure of the system is different for A5 = 0 and A5 6= 0, we treat these two cases
separately. It is worth noting that the coefficients an are independent of B4 and B5. This in particular means that
no restrictions on B4 and B5 can be imposed from the analysis of the cosmological setup.
It should be noted finally that the condition an = 0 is a sufficient but not a necessary condition for GS = 0: There
is still a possibility that GS vanishes after imposing the Hamiltonian constraint for the background. This is indeed the
case in theories that are generated from the original cuscuton theory via generic disformal transformation (see §IV).
A. A5 = 0 (and A4 6= 0)
In this case, a4 = 0 and a3 = 0 are automatically satisfied. From a2 = 0, we obtain
A4 = − v4N
N + u4
, (21)
5with u4 and v4 being arbitrary integration functions of t. Hereafter, we assume v4 6= 0 so that A4 6= 0. Then, a1 = 0
yields
A3 = u3 +
v3
N + u4
, (22)
and a0 = 0 can be solved to give
A2 = u2 +
v2
N
− 3v
2
3
8v4N(N + u4)
, (23)
where u2, u3, v2, and v3 are arbitrary functions of t. Since u3 in Eq. (22) can be absorbed into v2 through integration
by parts [see the form of the Lagrangian (14)], we take u3 = 0 from the beginning. Thus, we have obtained
A5 = 0, A4 = − v4N
N + u4
, A3 =
v3
N + u4
, A2 = u2 +
v2
N
− 3v
2
3
8v4N(N + u4)
. (24)
B. A5 6= 0
In this case, a4 = 0 leads to the following solution for A5:
A5 =
±N2
(µ5N + ν5)2
, (25)
with µ5 and ν5 being arbitrary functions of t that do not vanish simultaneously. Throughout this section, double
signs are in the same order. One can then successively solve a3 = 0, a2 = 0, and a1 = 0 to obtain
A4 =
N(µ4N + ν4)
(µ5N + ν5)2
,
A3 = µ3 +
ν3
µ5N + ν5
± 2(µ4N + ν4)
2
3(µ5N + ν5)2
,
A2 = µ2 +
ν2
N
± ν3(µ4N + ν4)
N(µ5N + ν5)
+
2(µ4N + ν4)
3
9N(µ5N + ν5)2
,
(26)
where µ2, µ3, µ4, ν2, ν3, and ν4 are arbitrary functions of t. Finally, ν3 = 0 is imposed from a0 = 0, so that we now
have
A5 =
±N2
(µ5N + ν5)2
, A4 =
N(µ4N + ν4)
(µ5N + ν5)2
, A3 = µ3 ± 2(µ4N + ν4)
2
3(µ5N + ν5)2
, A2 = µ2 +
ν2
N
+
2(µ4N + ν4)
3
9N(µ5N + ν5)2
. (27)
Here, µ3 can be absorbed into ν2, but we avoid doing so for later convenience. Note that one can take a smooth
limit µ5 → 0 or ν5 → 0 in Eq. (27). It should also be noted that the result of the case with A5 = 0 can be reproduced
by choosing the integration functions as
ν5 = u4µ5, µ4 = −v4µ25, ν4 = ∓
3v3
4v4
− u4v4µ25, µ3 = ∓
2
3
v24µ
2
5,
µ2 = u2 +
2
9
v34µ
4
5, ν2 = v2 ±
1
2
v3v4µ
2
5 +
2
9
u4v
3
4µ
4
5,
(28)
and then taking the limit µ5 →∞.
III. EXTENDED CUSCUTON FROM HAMILTONIAN ANALYSIS
Having constructed the cosmological prototype of the extended cuscuton theory in the previous section, now we
perform its Hamiltonian analysis to identify the theories truly having two DOFs in the unitary gauge without any
assumption on the underlying spacetime.
6A. General discussion
Before proceeding to the Hamiltonian analysis of the cosmological prototype of the extended cuscuton, we derive
a (sufficient) condition for a theory written in the ADM language to have DOFs less than three. We start from a
general ADM action of the form
S =
∫
dtd3xN
√
γ
[
L(t, N, γij , Rij , Qij) + v
ij(Qij −Kij)
]
, (29)
respecting the three-dimensional spatial diffeomorphism invariance, and explore the condition for L to yield two DOFs.
Here, we have introduced Lagrange multipliers vij to replace Kij in L by auxiliary variables Qij . This is thought of
as the ADM expression of general scalar-tensor theories in the unitary gauge. Note that some DHOST theories yield
the velocity of the lapse function N˙ [25], which is beyond the scope of this paper. We shall revisit the Hamiltonian
structure when L is at most quadratic in Kij in Appendix A, which is the case for the extended cuscuton theory with
A5 = 0.
Switching to the Hamiltonian formalism, there are 44 canonical variables:(
N, N i, γij , Qij , v
ij
πN , πi, π
ij , P ij , Uij
)
. (30)
From the action (29), we obtain the primary constraints as
πN ≈ 0, πi ≈ 0, P ij ≈ 0, Uij ≈ 0, Ψij ≡ πij +
√
γ
2
vij ≈ 0. (31)
We will use the following notations for derivatives of L with respect to Qij :
LijQ ≡
∂L
∂Qij
, Lij,klQQ ≡
∂2L
∂Qij∂Qkl
. (32)
The canonical Hamiltonian can be obtained in the standard manner as
H =
∫
d3x
(
NH0 +N iHi
)
, (33)
with
H0 ≡ −√γL(t, N, γij , Rij , Qij) + 2πijQij , Hi ≡ −2√γDj
(
πij√
γ
)
, (34)
where Di is the three-dimensional spatial covariant derivative. The total Hamiltonian is written as
HT = H +
∫
d3x(λNπN + λ
iπi + χijP
ij + ϕijUij + λijΨ
ij). (35)
Some of the consistency relations for the primary constraints produce the following secondary constraints:
π˙N ≈ √γ(NL)N − 2πijQij ≡ C ≈ 0,
π˙i ≈ −Hi ≈ 0,
P˙ ij ≈ N(√γLijQ − 2πij) ≡ NΠij ≈ 0,
(36)
while U˙ij ≈ 0 and Ψ˙ij ≈ 0 just fix the multipliers λij and ϕij , respectively. The consistency relation from the time
evolution of the secondary constraint Hi ≈ 0, i.e., H˙i ≈ 0, is automatically satisfied on the constraint surface. Among
the constraints derived so far, πi ≈ 0 is first class, which reflects the fact that one can freely specify the shift vector.
The momentum constraint Hi ≈ 0 can be promoted to a first-class constraint by adding appropriate terms that vanish
weakly, i.e.,
Hi → H¯i ≡ Hi + πNDiN + P jkDiQjk − 2√γDj
(
P jk√
γ
Qik
)
, (37)
so that H¯i defines the generator of spatial diffeomorphisms for γij , N , and Qij .
7Now we proceed to the consistency relations for C ≈ 0 and Πij ≈ 0. One finds
C˙ ≈ {C, H}P +
√
γ
[
λN (NL)NN + χklNL
kl
QN
] ≈ 0, (38)
Π˙ij ≈ {Πij , H}
P
+
√
γ
[
λNL
ij
QN + χklL
ij,kl
QQ
]
≈ 0. (39)
Therefore, if the matrix
M ≡
(
(NL)NN NL
kl
QN
LijQN L
ij,kl
QQ
)
(40)
has a nonvanishing determinant, the above consistency relations fix λN and χkl, and the Poisson algebra closes here.
If this is the case, we would have 6 first-class and 26 second-class constraints, resulting in three DOFs. Hence, we
require
detM =
(
detLij,klQQ
) [
(NL)NN −NLijQN(L−1QQ)ij,klLklQN
]
= 0, (41)
so that the theory (29) has DOFs less than three. Note that this requirement might be too strong for the absence of
the third DOF, because it should be sufficient that detM vanishes only weakly, detM ≈ 0 (see §IV). Nevertheless,
in this paper, we require the presumably stronger condition (41) for simplicity. Assuming detLij,klQQ 6= 0 to guarantee
the existence of two propagating tensor DOFs, the above requirement reads
∆ ≡ (NL)NN −NLijQN(L−1QQ)ij,klLklQN = 0. (42)
Then, combining Eqs. (38) and (39) we obtain the tertiary constraint
Ξ ≡ {C, H}P −N
{
Πij , H
}
P
(L−1QQ)ij,klL
kl
QN ≈ 0. (43)
Since the manipulations required hereafter are quite involved, we only present a brief analysis. The time evolution
of the tertiary constraint will produce the quaternary constraint: Ξ˙ ≈ 0 ⇒ Φ ≈ 0, because otherwise the number of
phase-space dimensions would be odd and the theory would be inconsistent. Finally, the consistency relation Φ˙ ≈ 0
will fix the multiplier λN . As we have two more second-class constraints than what we would have in the ∆ 6= 0 case,
the system has only two physical DOFs.*3
B. The form of Ai and Bj satisfying the condition (42)
In the previous section, we have obtained the candidate of the extended cuscuton theory from the cosmological
considerations. In particular, recall that B4 and B5 are completely free at this stage. We now check whether or not
the candidate can satisfy the condition (42). For theories whose action can be written in the form (14), we have
(NL)NN = (NA2)NN + (NA3)NNQ+ (NA4)NNQ2 + (NA5)NNQ3 + (NB4)NNR+ (NB5)NN
(
RijQij − R
2
Q
)
,
LijQN = (A3N + 2A4NQ+ 3A5NQ2)γij − (2A4N + 6A5NQ)Qij +A5NQikQkj +B5N
(
Rij − R
2
γij
)
,
Lij,klQQ = −(2A4 + 6A5Q)Gij,kl + 6A5
(
Qk(iγj)l +Ql(iγj)k −Qijγkl − γijQkl
)
,
(44)
where Gij,kl ≡ γk(iγj)l − γijγkl is the DeWitt metric and
Q ≡ Qii, Q2 ≡ Q2 −QijQji , Q3 ≡ Q3 − 3QQijQji + 2QijQjkQki . (45)
*3 There may be another possibility for the system to have two physical DOFs: If Ξ ≈ 0 is automatically satisfied by the existing
primary/secondary constraints, then piN ≈ 0 and C ≈ 0 should be first-class constraints and thus the number of DOFs is again two. In
any case, ∆ = 0 is a sufficient condition for the theory to have DOFs less than three.
8The inverse of Lij,klQQ can be written as
(L−1QQ)ij,kl =−
1
2A4
(
γk(iγj)l −
1
2
γijγkl
)
+
3A5
4A24
[(
2γk(iγj)l − γijγkl
)
Q+ γijQkl + γklQij − 2γk(iQj)l − 2γl(iQj)k
]
+ · · · , (46)
where the ellipsis denotes the terms quadratic and higher in Qij . Thus, we obtain the equation of the form
∆ = c˜0(t, N) + c˜1(t, N)Q+ · · ·+ d˜1(t, N)R + d˜2(t, N)
(
RijR
ij − 3
8
R2
)
+ d˜3(t, N)QR+ · · · = 0, (47)
and all the coefficients must vanish. Here, the d˜i coefficients contain B4 and B5. We see that d˜2 ∝ (B5N )2 = 0 ⇒
B5 = b2(t). Then, d˜1 ∝ (NB4)NN = 0 ⇒ B4 = b0(t) + b1(t)/N . However, b2 can be absorbed into the redefinition
of b1. We thus arrive at
B4 = b0(t) +
b1(t)
N
, B5 = 0, (48)
with b0 and b1 being free functions of t. Now B4 and B5 are found to be eliminated from Eq. (44) and ∆, and hence
all the d˜i coefficients vanish.
Let us then check that the form of Ai we have found in the previous section is consistent with the condition ∆ = 0.
1. A5 = 0
Let us first take a look at the case with A5 = 0, for which simple explicit expressions of the equations can be
obtained. In this case, the inverse of the matrix Lij,klQQ = −2A4Gij,kl is given explicitly by
(L−1QQ)ij,kl = −
1
2A4
(
γk(iγj)l −
1
2
γijγkl
)
, (49)
and hence we have
∆ =
4(A′2 +A
′′
2)A4 − 3(A′3)2
4NA4
+
(A′3 +A
′′
3 )A4 − 2A′3A′4
NA4
Q+
(A′4 +A
′′
4 )A4 − 2(A′4)2
NA4
Q2, (50)
where recall that the prime denotes ∂/∂ lnN . As is clear from Eqs. (16), (17), and (18), the three coefficients vanish
if and only if a0 = a1 = a2 = 0 (with A5 = 0), and therefore ∆ = 0 is satisfied for the functions (24).
2. A5 6= 0
In the A5 6= 0 case, one cannot express L−1QQ in a closed form, but rather one has an infinite sum of the form (46).
Then, we obtain ∆ as
∆ =
4(A′2 +A
′′
2 )A4 − 3(A′3)2
4NA4
+
4(A′3 +A
′′
3 )A
2
4 − 8A′3A4A′4 + 3A′23 A5
4NA24
Q
+
8(A′4 +A
′′
4 )A
3
4 − 16A24(A′4)2 + 12A′3A4(2A′4A5 −A4A′5)− 9A′23 A25
8NA34
Q2
+
8(A′5 +A
′′
5 )A
4
4 + 3(3A
′
3A5 − 4A4A′4)(4A24A′5 − 4A4A′4A5 + 3A′3A25)
8NA44
Q3
+
(
2A24A
′
5 − 4A4A′4A5 + 3A′3A25
)2
∆˜≥4, (51)
where ∆˜≥4 denotes higher-order terms of Qij . It should be noted that this reduces to Eq. (50) in the limit A5 → 0.
Although Eq. (51) has infinitely many terms for generic choices of the Ai functions, one can check directly that ∆ = 0
is satisfied if and only if the Ai functions are given by (27).
Thus, we have established that the cosmological prototype constructed in §II can be promoted to a theory with two
DOFs, i.e., the extended cuscuton, by imposing the condition (48) on B4 and B5. It turns out that we do not need
9to impose further constraints on the form of the Ai functions obtained from the cosmological analysis. We present
an alternative derivation of the same extended cuscuton in Appendix B. Given the action in the ADM form, now it
is straightforward to recast the theory to a covariant form via Stu¨ckelberg trick, though the resultant expression is
messy. In Appendix C, we present the expressions for Gi(φ,X) and Fj(φ,X) in Eq. (2) for the extended cuscuton
theory with A5 = 0.
In general, the extended cuscuton theory contains a nonminimal derivative coupling to the curvature. This is the
reason why we have worked in the GLPV framework. The Horndeski conditions (15) are satisfied if and only if A5 = 0,
u4 = 0, and v4 = b0(t). Only in this case, the extended cuscuton theory can be described as a special case of the
Horndeski theory.
C. Comparison with other related theories
We are now in a position to compare our extended cuscuton theory with some other related theories in the literature.
The authors of Ref. [16] extended the cuscuton theory to include G3(φ,X)φ to obtain consistently a generalization
of the McVittie solution. Their theory is included as a special case in our extended cuscuton, but seemingly they
have not addressed the kinetic mixing of gravity and the scalar field or the importance of the property [A′]. Another
extension is the “cuscuta-Galileon” proposed in Ref. [15]. This model is a subclass of the generalized Galileons in
arbitrary dimensions that can avoid caustic singularities. The cuscuta-Galileon is defined only in flat spacetime, so a
direct comparison with our extended cuscuton would not be meaningful. Yet another model was developed in Ref. [21]
as an extension of the Horˇava-Lifshitz theory respecting the power-counting renormalizability. This theory was shown
to have two DOFs in the unitary gauge and it contains terms quadratic or higher in the curvature tensor, which are
not incorporated in our extended cuscuton. However, at the same time, there are many extended cuscuton models
which do not fall into the theory studied in Ref. [21].
Besides the above concrete models, there are some general classes of two-DOF theories constructed in different ways
than ours. The authors of Ref. [20] studied a class of theories depending on the lapse function at most linearly, i.e.,
S =
∫
dtd3xN
√
γL(t, γij , Rij ,Kij ;Di), (52)
and derived a condition on L to yield two DOFs. Although this theory generically lies outside our theory, it does not
cover whole the extended cuscuton since our Lagrangian depends on N nonlinearly. In Ref. [26], another general class
of scalar-tensor theories with two DOFs was invented by performing a canonical transformation on GR. There should
be some relation between this theory and ours, but the comparison would be far from trivial and thus we leave it for
future work.
Finally, we would like to mention the relation between the work [27] and the present paper. The authors of
Ref. [27] studied a general class of scalar-tensor models where at most three DOFs propagate (i.e., no fourth DOF
associated with Ostrogradsky instability) in the unitary gauge but the fourth DOF seemingly revives in other gauges,
which was called “U-degenerate” theory. They claimed that the fourth DOF actually does not propagate once a
physically reasonable boundary condition at spatial infinity is imposed, and thus the U-degenerate theory is free of
Ostrogradsky ghost as long as one can take the unitary gauge. Now we see the similarity to our extended cuscuton:
The extended cuscuton theory exhibits the two-DOF nature at least in the unitary gauge, but the situation may
change if one considers other gauges or the case where the unitary gauge cannot be taken anyway. As is the case for
the U-degenerate theory, an appropriate boundary condition at spatial infinity would kill the extra DOF in a generic
gauge. We address this issue in Appendix D.
IV. DISFORMAL TRANSFORMATIONS
The original cuscuton model (1) can be represented in the language of the GLPV action (2) as
A2 = −V (φ(t)) + σ(t)
N
, A4 = −B4 = − 1
2κ2
, A3 = A5 = B5 = 0, (53)
with σ(t) ≡ µ2|φ˙(t)|. In this section, we study the behavior of the extended cuscuton theory under disformal
transformation [22] and show that a particular subclass with A5 = 0 can be generated from the original cuscuton
theory.
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Let us consider (invertible) disformal transformation gµν → Ω(t)gµν +Γ(t, N)φµφν of the original cuscuton model,
with
Ω = 2κ2v4, Γ = −Ωu4
φ˙2
(2N + u4) . (54)
The above transformation contains two arbitrary functions, u4 and v4, of t. Then, the original theory with the
coefficients (53) is mapped to another GLPV theory with the following coefficients:
A5 = 0, A4 = − v4N
N + u4
, A3 =
v3
N + u4
, A2 = u2 +
v2
N
− 3v
2
3
8v4N(N + u4)
, (55)
B5 = 0, B4 = v4
(
1 +
u4
N
)
, (56)
where v3, u2, and v2 are given by
v3 = −2v˙4, u2 = −Ω2V, v2 = Ω3/2σ − Ω2u4V. (57)
These Ai and Bj functions are of the form of (24) and (48), but the t-dependent functions are subject to (57).
Therefore, the theory generated from the original cuscuton via the disformal transformation (54) resides in a particular
subclass of the extended cuscuton theory. The generated theory has two DOFs on any spacetime which is compatible
with the unitary gauge. This result is reasonable as an invertible disformal transformation does not change the number
of physical DOFs [28, 29].
One could perform more general disformal transformations, but then the resultant theories generically lie beyond
the current framework in the sense that the condition ∆ = 0 for the absence of the third DOF (see §III) is satisfied
only weakly. Although it may offer a possible generalization of the present formulation of cuscuton theories retaining
two DOFs, we leave it for future study.
V. STABILITY IN THE PRESENCE OF MATTER
In this section, we discuss the stability of cosmological solutions in the extended cuscuton theory in the presence of
a matter field, generalizing the result of [30]. We add a scalar field χ minimally coupled to gravity, whose Lagrangian
has the form
Lχ = P (Y ), Y ≡ −1
2
gµν∂µχ∂νχ. (58)
For simplicity, we assume that P is a function of Y and does not depend on χ explicitly. Such a scalar field can mimic
a barotropic perfect fluid. The energy density, pressure, and sound speed of χ are respectively written as
ρ = 2Y PY − P, p = P, c2s =
dp
dρ
=
PY
PY + 2Y PY Y
. (59)
Now we consider scalar perturbations around a cosmological background. We choose the unitary gauge for the
cuscuton field, φ = φ(t), and write each constituent of the metric as
N = 1 + δN, Ni = ∂iψ, γij = a
2e2ζ
(
eh
)
ij
= a2e2ζ
(
δij + hij +
1
2
hikhkj + · · ·
)
, (60)
where δN , ψ, and ζ are scalar perturbations and hij denotes transverse-traceless tensor perturbations. The matter
scalar field also fluctuates as χ = χ(t) + δχ(t, ~x).
The quadratic action for the tensor perturbations is independent of the matter sector, which takes the form
S
(2)
T =
1
8
∫
dtd3xa3
[
GT h˙2ij −
FT
a2
(∂khij)
2
]
, (61)
where
GT ≡ −2(A4 + 3HA5), FT ≡ 2B4 + B˙5. (62)
Thus, the tensor perturbation hij is stable if GT > 0 and FT > 0. The equations are completely the same as in the
GLPV theory and we do not see any cuscuton nature at this point.
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The quadratic Lagrangian for the scalar perturbations is L(2) = a3
(
L(2)H + L(2)χ
)
with
L(2)H = −3GT ζ˙2 +
FT
a2
(∂kζ)
2
+ΣδN2 − 2ΘδN ∂
2ψ
a2
+ 2GT ζ˙ ∂
2ψ
a2
+ 6ΘδNζ˙ − 2G¯T δN ∂
2ζ
a2
, (63)
L(2)χ =
PY
c2s
[
− c
2
s
2a2
(∂kδχ)
2
+ c2sχ˙
∂2ψ
a2
δχ+ Y δN2 − χ˙ (δN − 3c2sζ) ˙δχ+ 12 ˙δχ2
]
, (64)
where
G¯T ≡ 2(B4 +B4N )−HB5N ,
Σ ≡ A2N + 1
2
A2NN +
3
2
HA3NN + 3H
2 (2A4 − 2A4N +A4NN ) + 3H3 (6A5 − 4A5N +A5NN ) ,
Θ ≡ 1
2
A3N − 2H (A4 −A4N )− 3H2 (2A5 −A5N ) .
(65)
Note that GS in Eq. (12) can be written as GS = (GT /Θ2)(ΣGT + 3Θ2), so the condition GS = 0, which any cuscuton
theory must satisfy (see §II), implies
ΣGT + 3Θ2 = 0. (66)
Variations of L(2) with respect to the auxiliary variables δN and ψ yield
(
Σ+
Y PY
c2s
)
δN −Θ∂
2ψ
a2
+ 3Θζ˙ − GT ∂
2ζ
a2
− χ˙PY
c2s
˙δχ = 0, (67)
ΘδN − GT ζ˙ − 1
2
χ˙PY δχ = 0, (68)
by which we can eliminate δN and ψ from L(2):
L(2) = a3

 G2TY PY
c2sΘ
2
(
ζ˙ − ΘGT
˙δχ
χ˙
)2
− 2(Y PY )
2
c2sΘ
˙δχδχ
χ˙2
+
(
Σ+
Y PY
c2s
)
Y PY
Θ2
(
2GT ζ˙ δχ
χ˙
+ Y PY
δχ2
χ˙2
)
− FS
a2
(∂kζ)
2
+ 2G¯T Y PY
Θ
∂kζ∂kδχ
a2χ˙
− Y PY
a2
(∂kδχ)
2
χ˙2

 , (69)
where we have defined
FS ≡ 1
a
d
dt
( a
Θ
GT G¯T
)
−FT , (70)
and used the background EOM for χ, χ¨ + 3c2sHχ˙ = 0. One can remove the kinetic term for δχ by making the field
redefinition
ζ˜ ≡ ζ − ΘGT
δχ
χ˙
. (71)
Then, δχ becomes an auxiliary variable and thus can be eliminated by using its EOM. After tedious but straightforward
manipulations, we finally arrive at
L(2) = a3
[
A(t, ∂2) ˙˜ζ2 − B(t, ∂2) (∂k ζ˜)
2
a2
]
, (72)
where A and B are given respectively by
A = G
2
TY PY
c2sΘ
2
∂2/a2 − α1
∂2/a2 − α2 , B = Υ
G2TY PY
Θ2
∂4/a4 − β1∂2/a2 + β2
(∂2/a2 − α2)2 . (73)
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Here, we have defined
α1 ≡ 3
f
α2, α2 ≡ − Υ¯
2c2sΘ
2Y PY
FSΘ2 −ΥG2TY PY
f(f − 3),
β1 ≡ α2
(
1 +
FSΘ2
ΥG2TY PY
)
− Θ
2
a3ΥG2TY PY
d
dt
[
a3Υ¯GTY PY
Θ
(f − 3)
]
,
β2 ≡ Θ
2α22
ΥG2TY PY
{
FS − 1
a
d
dt
[
aΥ¯GTY PY
Θα2
(f − 3)
]}
,
(74)
with
Υ ≡ FSΘ
2 − G¯2TY PY
FSΘ2 − GT (2G¯T − GT )Y PY
,
Υ¯ ≡ FSΘ
2 − GT G¯TY PY
FSΘ2 − GT (2G¯T − GT )Y PY
,
f ≡ GTY PY
c2sΘ
2
− 1
c2s
d
dt
(GT
Θ
)
+
3GTH
Θ
.
(75)
Thus, we have a single scalar DOF associated with the matter field. Interestingly, the quadratic action is of a nonlocal
form and as a result the dispersion relation is nonstandard. This means that the nature of scalar cosmological
perturbations is different from that in GR in the presence of a perfect fluid. In other words, gravity is indeed modified
in the cuscuton theory. Note in passing that under the Horndeski tuning (15), GT and G¯T coincide, and hence
Υ = Υ¯ = 1.
It follows that as long as
ρ+ p = 2Y PY > 0, c
2
s > 0, Υ > 0, (76)
are satisfied, scalar perturbations are stable in the ultraviolet regime. In the infrared regime, both ghost/gradient
instabilities are not necessarily problematic: Even if the kinetic term has a wrong sign, it is legitimate to ignore the
ghost instability if its energy scale is much lower than the cutoff scale. The gradient instability is also irrelevant when
the timescale of interest is much shorter than that of the instability. Note that the first two conditions are related
only to the matter field, stating that χ must be “usual” matter in the sense that it satisfies the null energy condition
and has a positive sound speed squared. However, the last condition, Υ > 0, depends on the concrete form of the
cuscuton Lagrangian as well as the matter field, and hence is nontrivial.
VI. SUMMARY AND DISCUSSION
The cuscuton theory is a special case of single-field scalar-tensor theories having only two DOFs, i.e., no propagating
scalar DOF, in the unitary gauge. Focusing on a cosmological setup, the cuscuton exhibits the following properties:
[A] the field equation of the scalar field is at most of first order and [B] the kinetic term of scalar cosmological
perturbations vanishes. In the present paper, we have explored a possible extension of the cuscuton theory in the
context of the GLPV theory. In doing so, the property [A] has been appropriately generalized to the case with a kinetic
mixing of gravity and the scalar field. More specifically, [A′] the system of the two dynamical equations governing the
background cosmological evolution is degenerate.
In §II, we constructed the cosmological prototype of the extended cuscuton theory by imposing the conditions [A′]
and [B] on the GLPV action, which are characterized by six free functions: G2, G3, G4, G5, F4, and F5 of φ and
X = −gµνφµφν/2 in the covariant form, or A2, A3, A4, A5, B4, and B5 of t and the lapse function N in the ADM
representation. It turned out that the conditions [A′] and [B] are in fact equivalent. At this stage, the Bj functions
remain arbitrary, while the Ai functions are fixed to be (24) in the A5 = 0 case and (27) in the A5 6= 0 case.
Thereafter, to obtain the complete form of the extended cuscuton theory, i.e., the theory having two physical DOFs
on any background spacetime under the unitary gauge, we performed a Hamiltonian analysis of the precursory models
in §III. The requirement of having two DOFs poses a constraint (48) on the Bj functions, and thus we obtained the
desired extended cuscuton Lagrangian.
Furthermore, in §IV, we studied the relation between the original and extended cuscuton theories by use of disformal
transformation. We showed that the theory that are mapped from the original cuscuton model by the disformal
transformation (54) belong to the A5 = 0 case of our extended cuscuton theory.
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We also studied scalar and tensor cosmological perturbations in the presence of another scalar field as matter in
§V. The stability conditions for the tensor modes are given by GT > 0 and FT > 0, where GT and FT are defined
in Eq. (62). These remain the same as the corresponding conditions in the GLPV theory. The scalar modes acquire
nonlocal interaction as in Eq. (72) and the stability conditions read Eq. (76).
Having formulated the extended cuscuton theory, it would be intriguing to study its phenomenological aspects such
as early and late-time cosmology. Black hole solutions in the extended cuscuton theory would be also interesting to
explore. In parallel to phenomenology, we expect that further extension of the cuscuton framework is still possible.
UV completion of the extended cuscuton theory is also an open question. These issues will be addressed in forthcoming
publications.
Before closing this final section, let us comment on the constraint on the gravitational wave speed cGW. From
the almost simultaneous detection of the gravitational waves GW170817 and the γ-ray burst GRB170817A [31–34]
from a binary neutron star merger, the deviation of cGW from the speed of light (clight ≡ 1) is strongly constrained:
|cGW−1| . 10−15. If one uses the extended cuscuton theory to modify gravity in the present universe, this constraint
must be respected. Therefore, here we present the subclass of the extended cuscuton satisfying cGW = 1 exactly. In
the GLPV theory satisfying this condition irrespective of the background spacetime, the functions G4, G5, F4, and
F5 in Eq. (2) must obey [35–37]
F4 = −8G4X
X
, G5 = F5 = 0. (77)
Let us apply this requirement to the extended cuscuton Lagrangian. Since G5 = F5 = 0 implies A5 = B5 = 0, we
employ the case presented in §II A with Eq. (48). Then, imposing the condition F4 = −8G4X/X we obtain
A2 = u2 +
v2
N
− 3v
2
3
8v4N2
, A3 =
v3
N
, A4 = −B4 = −v4, (78)
in the ADM representation, which is translated to the covariant form (2) with
G2 = u˜2 + v˜2
√
2X −
(
2v˜′3 + 4v˜
′′
4 +
3v˜23
4v˜4
)
X + (v˜′3 + 2v˜
′′
4 )X logX,
G3 = −
(
v˜3
2
+ v˜′4
)
logX, G4 = v˜4, G5 = F4 = F5 = 0,
(79)
where u˜2, v˜2, v˜3, and v˜4 are arbitrary functions of φ. This is the same theory as the one studied in Ref. [19]. All the
other interactions introduced in our extended cuscuton theory are strongly constrained by GW170817. However, we
emphasize that this constraint applies only to the low-redshift universe (z . 0.01), and a fairly large deviation of cGW
from unity may be possible in the early universe. Moreover, as has been pointed out recently in Ref. [38], the energy
scale which can be observed by LIGO lies close to the cutoff scale of many dark energy models. Hence, our extended
cuscuton framework is worth investigating as a model of cosmology and modified gravity.
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Appendix A: More on the Hamiltonian analysis in the A5 = 0 case
In this appendix, we examine the Hamiltonian structure of the extended cuscuton theory with A5 = 0 in more detail.
We will show that (i) the Hamiltonian can be recast into the form in which the lapse function appears only linearly,
as in the theories studied in Ref. [20], via canonical transformation; and that (ii) the analysis is rather simplified if
we do not introduce the auxiliary variables Qij from the beginning.
For the extended cuscuton model with A5 = 0, the explicit form of the Lagrangian is given by
L = u2 +
v2
N
− 3v
2
3
8v4N(N + u4)
+
v3
N + u4
Q+
v4N
N + u4
(QijQ
j
i −Q2) +
(
b0 +
b1
N
)
R, (A1)
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plus the Lagrange multiplier term enforcing Qij = Kij . The subsequent analysis can be done in the same way as in
§III. Using the notation, the total Hamiltonian is given by
HT = H +
∫
d3x(λNπN + λ
iπi + χijP
ij + ϕijUij + λijΨ
ij),
H =
∫
d3x
(−N√γL+ 2NπijQij + 2πijDiNj) . (A2)
This Hamiltonian depends nontrivially on N . Now we perform the following canonical transformation:
Qij → N + u4
N
Qij +
v3
4v4N
γij , γij → γij , P ij → N
N + u4
P ij , πij → πij − v3
4v4(N + u4)
P ij . (A3)
Then, H is transformed to
H →
∫
d3x
{
−√γ
[
Nu2 + v2 + (N + u4)(Q
i
jQ
j
i −Q2) + (Nb0 + b1)R
]
+ 2πij
[
(N + u4)Qij +
v3
4v4
γij
]
+ 2πijDiNj
}
, (A4)
where the terms proportional to Pij were absorbed into the redefinition of χij . Now we see that the new Hamiltonian
depends on N at most linearly.
The analysis becomes simpler if one does not employ auxiliary fields Qij from the beginning. Indeed, after straight-
forward calculations, the total Hamiltonian is obtained as
HT = H +
∫
d3x(λNπN + λ
iπi),
H =
∫
d3x
{
√
γ
[
−Nu2 − v2 − (Nb0 + b1)R + N + u4
2v4
2πijπ
j
i − π2
γ
+
v3
2v4
π√
γ
]
+ 2πijDiNj
}
,
(A5)
where π ≡ πii , and thus it is found without invoking the canonical transformation that the dependence of H on N is
at most linear.
Appendix B: Extended cuscuton from non-flat cosmology
In § II, we consider a cosmological background to construct a prototype for the extended cuscuton. By this approach,
one cannot determine the form of B4 and B5 and their form was explored based on the Hamiltonian analysis in § III.
However, in this appendix, we show that by considering a non-flat cosmological background one can fix the form of
B4 and B5 and the result agrees with that obtained from the Hamiltonian analysis.
For a non-flat cosmological background with
ds2 = −N2dt2 + a2
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdϕ2
)]
, (B1)
the two dynamical equations take the same form as Eqs. (6) and (7),
Ea = 2GT H˙ − 2Mφ¨+ · · · = 0, (B2)
Eφ = 6MH˙ +Kφ¨ + · · · = 0, (B3)
but now with
GT = GT flat,
M =Mflat +XG5X k
a2
,
K = Kflat + 6
[
G4X + 2XG4X −G5φ −XG5φX +Hφ˙(G5X +XG5XX)
] k
a2
,
(B4)
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where the quantities labeled by “flat” represent the corresponding ones in the flat case found in Eq. (8). This leads to
GTK + 6M2 =
4∑
n=0
anH
n + a5
k
a2
+ a6
k2
a4
+ a7H
k
a2
+ a8H
2 k
a2
, (B5)
where the coefficients of the four additional terms must vanish.
Switching from the (Gi, Fj) representation to the (Ai, Bj) representation, first we see that
a6 = 6(XG5X)
2 ∝ (B5N )2 = 0. (B6)
Substituting this to the other coefficients, we obtain
a5 ∝ A4(NB4)NN , a7 ∝ A5(NB4)NN , a8 = 0. (B7)
We thus arrive at the same result as in the Hamiltonian analysis:
(NB4)NN = 0, B5N = 0. (B8)
Appendix C: Covariantized form of the extended cuscuton
In this appendix, we present the covariantized form of the extended cuscuton model with A5 = 0.
To restore general covariance, we introduce a Stu¨ckelberg field φ so that its gradient is proportional to the unit
normal vector to a constant-time hypersurface: nµ = −φµ/
√
2X [39, 40]. Then, the ingredients of the ADM action
can be rewritten in the following way:
N → 1√
2X
, γij → hµν ≡ gµν + 1
2X
φµφν , Kij → Kµν ≡ hλµ∇λnν ,
Rij → hαµhγνhβδRαβγδ −KααKµν +KαµKαν ,
(C1)
while the functions of t are replaced with those of φ: ui(t) → u˜i(φ), vi(t) → v˜i(φ), and bi(t) → b˜i(φ). The result is
given by
G2 = u˜2 + v˜2
√
2X − 4b˜′′0X + 2b˜′′1(2X)3/2 −
v˜3X
1 + u˜4
√
2X
(
3v˜3
4v˜4
+ 2u˜′4
√
2X
)
+ 2v˜′3X log
√
2X
1 + u˜4
√
2X
+ 2b˜′′0X logX,
G3 = −4b˜′1
√
2X − v˜3
(
1
1 + u˜4
√
2X
+ log
√
2X
1 + u˜4
√
2X
)
− b˜′0 logX,
G4 = b˜0 + b˜1
√
2X,
G5 = 0,
F4 =
1
4X2
(
−b˜0 + v˜4
1 + u˜4
√
2X
)
,
F5 = 0,
(C2)
where a prime here denotes ∂/∂φ. One may further add to this any terms that vanish when the unitary gauge is
chosen. Note that, in the above expressions, we have assumed that φµ is timelike because our extended cuscuton was
obtained under the unitary gauge φ = φ(t). If one makes a replacement X → |X |, one could incorporate a case where
φµ is spacelike, but this is beyond the scope of the present paper.
The case with A5 6= 0 can be divided into three subtypes: (i) µ5 = 0 and ν5 6= 0; (ii) µ5 6= 0 and ν5 = 0; and
(iii) µ5 6= 0 and ν5 6= 0. One can straightforwardly obtain the full expressions for Gi and Fj in each case, but we do
not present them here because the result is too complicated to be illuminating.
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Appendix D: Propagating DOFs in non-unitary gauges
Throughout the main text, we work in the unitary gauge φ = φ(t) and specify a class of theories where only two
DOFs can propagate in this gauge. However, one may naively think that the two-DOF nature would no longer be
maintained for an inhomogeneous configuration of φ. In this appendix, we address this issue by studying the following
simple example:
L =
√
2|X |, X ≡ −1
2
ηµνφµφν , (D1)
which is nothing but the original cuscuton theory (1) with V (φ) = 0 in Minkowski spacetime. The field equation is
written as
2Xφ+ φµφνφµν = 0, (D2)
which is a second-order differential equation and thus there would be a propagating DOF. Below, we show for this
example that (i) if φµ is timelike, φ does not propagate under a physically plausible boundary condition at spatial
infinity and (ii) if φµ is spacelike, the model does have a propagating DOF. The situation here is quite similar to what
happens in the U-degenerate theory proposed in Ref. [27].
1. Timelike φµ
Suppose φ depends only on t and x. If φµ is timelike, we have
(φ′)2φ¨− 2φ˙φ′φ˙′ + φ˙2φ′′ = 0, (D3)
where φ˙ ≡ ∂tφ and φ′ ≡ ∂xφ. This admits the following non-unitary gauge background:
φ = t+ αx, −1 < α < 1, α 6= 0. (D4)
Let us study a small fluctuation on this background: φ = φ+ π(t, ~x). The quadratic Lagrangian for π is given by
L(2) = − 1
2(1− α2)3/2 (απ˙ − ∂xπ)
2 − 1
2(1− α2)1/2
[
(∂yπ)
2 + (∂zπ)
2
]
. (D5)
This seems to have a wrong sign kinetic term for α 6= 0,
L(2) ⊃ − α
2
2(1− α2)3/2 π˙
2, (D6)
implying a ghost.
The EOM for π is given by
α2π¨ − 2α∂xπ˙ + ∂2xπ + (1 − α2)(∂2yπ + ∂2zπ) = 0. (D7)
Substituting π = e−iωt+i
~k·~x, we get the following dispersion relation,
(αω − kx)2 + (1− α2)(k2y + k2z) = 0, (D8)
leading to the two complex solutions,
ω =
kx
α
± i (1− α
2)1/2
α
√
k2y + k
2
z . (D9)
Thus, apparently, one of the solutions blows up. However, as is discussed in Ref. [27], we expect that the regularity
at spatial infinity removes this dangerous mode.
To see this, let us perform the following coordinate transformation:
t˜ =
t+ αx√
1− α2 , x˜ =
αt+ x√
1− α2 , y˜ = y, z˜ = z. (D10)
Then, Eq. (D7) becomes (
∂2x˜ + ∂
2
y˜ + ∂
2
z˜
)
π = 0. (D11)
The solution to this Laplace equation which is regular at spatial infinity is
π = 0. (D12)
Therefore, the dangerous mode does not propagate if an appropriate boundary condition is imposed.
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2. Spacelike φµ
In this case, we consider the case with |α| > 1. We then obtain
L(2) = − 1
2(α2 − 1)3/2 (απ˙ − ∂xπ)
2
+
1
2(α2 − 1)1/2
[
(∂yπ)
2 + (∂zπ)
2
]
, (D13)
and the EOM for π is again given by Eq. (D7), but note that now α2 > 1. In the new coordinate system defined by
t˜ =
αt+ x√
α2 − 1 , x˜ =
t+ αx√
α2 − 1 , y˜ = y, z˜ = z, (D14)
Eq. (D7) becomes (−∂2t˜ + ∂2y˜ + ∂2z˜)π = 0. (D15)
Clearly, this is a hyperbolic equation and thus the dangerous mode π propagates.
[1] G. W. Horndeski, Int. J. Theor. Phys. 10, 363 (1974).
[2] C. Deffayet, X. Gao, D. A. Steer, and G. Zahariade, Phys. Rev. D 84, 064039 (2011), arXiv:1103.3260 [hep-th].
[3] T. Kobayashi, M. Yamaguchi, and J. Yokoyama, Prog. Theor. Phys. 126, 511 (2011), arXiv:1105.5723 [hep-th].
[4] R. P. Woodard, Scholarpedia 10, 32243 (2015), arXiv:1506.02210 [hep-th].
[5] H. Motohashi, K. Noui, T. Suyama, M. Yamaguchi, and D. Langlois, JCAP 1607, 033 (2016), arXiv:1603.09355 [hep-th].
[6] M. Crisostomi, R. Klein, and D. Roest, JHEP 06, 124 (2017), arXiv:1703.01623 [hep-th].
[7] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, Phys. Rev. Lett. 114, 211101 (2015), arXiv:1404.6495 [hep-th].
[8] D. Langlois and K. Noui, JCAP 1602, 034 (2016), arXiv:1510.06930 [gr-qc].
[9] M. Crisostomi, K. Koyama, and G. Tasinato, JCAP 1604, 044 (2016), arXiv:1602.03119 [hep-th].
[10] J. Ben Achour, M. Crisostomi, K. Koyama, D. Langlois, K. Noui, and G. Tasinato, JHEP 12, 100 (2016), arXiv:1608.08135
[hep-th].
[11] N. Afshordi, D. J. H. Chung, and G. Geshnizjani, Phys. Rev. D 75, 083513 (2007), arXiv:hep-th/0609150 [hep-th].
[12] H. Gomes and D. C. Guariento, Phys. Rev. D 95, 104049 (2017), arXiv:1703.08226 [gr-qc].
[13] C. Armenda´riz-Pico´n, T. Damour, and V. F. Mukhanov, Phys. Lett. B 458, 209 (1999), arXiv:hep-th/9904075 [hep-th].
[14] N. Afshordi, D. J. H. Chung, M. Doran, and G. Geshnizjani, Phys. Rev. D 75, 123509 (2007), arXiv:astro-ph/0702002
[astro-ph].
[15] C. de Rham and H. Motohashi, Phys. Rev. D 95, 064008 (2017), arXiv:1611.05038 [hep-th].
[16] N. Afshordi, Phys. Rev. D 80, 081502 (2009), arXiv:0907.5201 [hep-th].
[17] J. Bhattacharyya, A. Coates, M. Colombo, A. E. Gu¨mru¨kc¸u¨og˘lu, and T. P. Sotiriou, Phys. Rev. D 97, 064020 (2018),
arXiv:1612.01824 [hep-th].
[18] S. S. Boruah, H. J. Kim, M. Rouben, and G. Geshnizjani, JCAP 1808, 031 (2018), arXiv:1802.06818 [gr-qc].
[19] N. Afshordi, M. Fontanini, and D. C. Guariento, Phys. Rev. D 90, 084012 (2014), arXiv:1408.5538 [gr-qc].
[20] C. Lin and S. Mukohyama, JCAP 1710, 033 (2017), arXiv:1708.03757 [gr-qc].
[21] J. Chagoya and G. Tasinato, (2018), arXiv:1805.12010 [hep-th].
[22] J. D. Bekenstein, Phys. Rev. D 48, 3641 (1993), arXiv:gr-qc/9211017 [gr-qc].
[23] H. Motohashi, T. Suyama, and K. Takahashi, Phys. Rev. D 94, 124021 (2016), arXiv:1608.00071 [gr-qc].
[24] T. Kobayashi, Y. Watanabe, and D. Yamauchi, Phys. Rev. D 91, 064013 (2015), arXiv:1411.4130 [gr-qc].
[25] D. Langlois, M. Mancarella, K. Noui, and F. Vernizzi, JCAP 1705, 033 (2017), arXiv:1703.03797 [hep-th].
[26] K. Aoki, C. Lin, and S. Mukohyama, Phys. Rev. D 98, 044022 (2018), arXiv:1804.03902 [gr-qc].
[27] A. De Felice, D. Langlois, S. Mukohyama, K. Noui, and A. Wang, Phys. Rev. D 98, 084024 (2018), arXiv:1803.06241
[hep-th].
[28] G. Dome`nech, S. Mukohyama, R. Namba, A. Naruko, R. Saitou, and Y. Watanabe, Phys. Rev. D 92, 084027 (2015),
arXiv:1507.05390 [hep-th].
[29] K. Takahashi, H. Motohashi, T. Suyama, and T. Kobayashi, Phys. Rev. D 95, 084053 (2017), arXiv:1702.01849 [gr-qc].
[30] S. S. Boruah, H. J. Kim, and G. Geshnizjani, JCAP 1707, 022 (2017), arXiv:1704.01131 [hep-th].
[31] B. P. Abbott et al., Phys. Rev. Lett. 119, 161101 (2017), arXiv:1710.05832 [gr-qc].
[32] B. P. Abbott et al., Astrophys. J. 848, L12 (2017), arXiv:1710.05833 [astro-ph.HE].
[33] B. P. Abbott et al., Astrophys. J. 848, L13 (2017), arXiv:1710.05834 [astro-ph.HE].
[34] J. Sakstein and B. Jain, Phys. Rev. Lett. 119, 251303 (2017), arXiv:1710.05893 [astro-ph.CO].
[35] J. M. Ezquiaga and M. Zumalaca´rregui, Phys. Rev. Lett. 119, 251304 (2017), arXiv:1710.05901 [astro-ph.CO].
[36] P. Creminelli and F. Vernizzi, Phys. Rev. Lett. 119, 251302 (2017), arXiv:1710.05877 [astro-ph.CO].
[37] D. Langlois, R. Saito, D. Yamauchi, and K. Noui, Phys. Rev. D 97, 061501 (2018), arXiv:1711.07403 [gr-qc].
18
[38] C. de Rham and S. Melville, (2018), arXiv:1806.09417 [hep-th].
[39] D. Blas, O. Pujola`s, and S. Sibiryakov, JHEP 10, 029 (2009), arXiv:0906.3046 [hep-th].
[40] D. Blas, O. Pujola`s, and S. Sibiryakov, JHEP 04, 018 (2011), arXiv:1007.3503 [hep-th].
